Integraci6

Definicié. Siguin F'(x)i f(z) dues funcions definides en un interval [a, b]. Aleshores
direm que F(z) és una primitiva de f(x) si F/(x) = f(x). Aixi, per exemple,
podem dir que,

e 72 és una primitiva de 2z ja que (z° )/ = 2z.

e 7°—5 és una primitiva de 2 ja que (22 — 5)/ = 2z.

Inx és una primitiva de % ja que (Inx)! = %

1

1z de (arctagx)!

, . o - 1
arctagx és una primitiva =iz

Hem vist que la primitiva d’una funcié no és tnica de fet si y = F(x) és una
primitiva de f(z) aleshores ¢g(z) = F(z) + C també ho és.

En efecte, com que F(z) és una primitiva de f(x) tindrem que (F(x)) = f(z) i
alehsores (F(z) + C) = f(z) + 0= f(x) i per tant F(x) + C és una primitiva de
().

Les principals propietats lineals de les integrals sén,

Llista d’integrals immediates

Xn+]
n+1

o [a"dx= + C ja que (f:ll +C) = a".

o [Lidz=Inz+ C jaque (lnz+C) =21

o [edx =e*+ C ja que (€°4+C) =e*.

o [a*dz=%+C ja que (£+C)'=a".

o [sinzdr = —cosz + C ja que (—cosz + C)I = sin.

o [coszdr = sinz + C ja que (sinz + C)I = cosz.
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* f coizx T = tagx + Cj Ja que (tagx + C)

- cos?

(arcsinx + C)1 =

* S A=
3 f dx arccosz + C' ja que (arccosx + C)!

o [izdx=arctagr + C ja que (arctagr + C) = 1.
A meés a més si apliquem la regla de la cadena obtindrem:

o [(f( v)de = C0 4 O ja que (VO Ly =(f(2)) f1(x).
.o f ﬁ. fi(@)de = Inf(x) + C ja que (Inf(x) + C)r = 75 f1(x).

o [ fr(z)dz = /@ +C ja que (/@) + C)r = ) f1(x).

4 Oy =a! @ fi(x).

o [ sinf(z) fi(z)dx =cosf(z) + C ja que (—cosf(x) + C) = sinf(x)-f1(x).
o [cosf(x) fr(x)dz = sinf(x) + C ja que (sinf(x) + C) = cosf(z)f1(x).

. fm.f/(x)dx:mgf(ch ja que (tagf(z) + C)=g5my ().

o [a!@.fI(x)dx = lm 2 4+C ja que (-

o [—— f/( Ydx = arcsinf(x)+C jaque (arcsinf(x)+C) = \/T f1(x).
o | \/ﬁf/(x)dx = arccosf(x)+C jaque (arccosf(x)+C) = \/ﬁf’@)

o | W-f/(a:)daz = arctag f(z)+C jaque (arctagf(x)+C)1 = m-f/(x).

Exemples
o [2?4+52? —2x+3 dx—xz+5x——x + 3z +C.

o [2a'— 623 —3r+2dr =25 — 65 — 3% 22+ C.

o [T+ - &) dxm [ (xF + 260 — 4x9) dx=tE 4 B n 00T
X4 X2
74—?-{-@.

° fsinx+2(:osa:—e"” dr = —cosx +2sinx —e* + C.
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i f 1_5)302 + ﬁ — 3 dx = 3arctagxx + 4arcsinz — 3x + C.

° f4w+2$+%dx—ln4+ﬁ+lnx+0

o [(2z—3)'dx =3 [(2x —3)"2dzx = 2X3 Ne)
o [(2¢ Ye*de = £ [(2e* — 3)'2e¥dx = —262'2)12 + C.

° f (1nx}—(&-5)4 dr = (111x+o +C.
o [2dx=3[1 dx=3Inz+C.

o [Z5dr =3[ 5 dr=3In(z+2)+C.

* f X;’(—j-Q dXZ% ng—2 dx = %ln(ﬁ +2)+C.
° f szcri);j-S dx= f 51?1(;:(-8 dr = ln(SZniC + 8) + C.

° fexdx:eX+C’.

o [y =3 [e¥3dr = 5> 4 C.

lr(‘slnx

° j‘ — X earcsinx_FC.
° f sinxdr = —cosx + C.

o [ cosxdr = e + C.

S dx=2 [ £ dx= 2eV5+C.

o [sin(lnz)-Ldx = —cos(Inz) + C.

o [ sine*-e¥dr = —cose* + C.

o [cosxdr = sinz + C.

o [cos(z? +1)-xdr =3 [ cos(z? +1)-2zdz = L(sin(z® + 1)) + C.

o [ =1 f —2 — Larcsin(2z) + C.

V1-4x2
. f\/’% =g f — = L.aresin(22?) + C.
2 x dx
1 /3 1 (2
o [ _3 = f 1ix4 = %% i S \/1‘_/(57%)(2)2 = Z-arcs1n(%x2)+(].
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1l = dx — f — dX = arcose*+C.
-e

i —1+?§x2dX23'f 1+(\}§X \/— Y 1+ dx—\/— -arctag(v/2z) + C.

1
3 f1+(f dx=arctag(lnz) + C.

I

2
— — 3 V3 _ 5.¥3
s &x=55 [ orm dx= 550 iy dx= gy arctag((5x)+C.

Exercicis resolts

Exercici 1. Troba una funcié f(x) la derivada de la qual sigui f’(x)=4x+3 i tal
que f(2)=3.

o f(x)=[4x+3 dx= 2x* 4 3x+C. Per tant totes les funcions del mén tals que
f’(x)=4x+3 sén de la forma f(x)=2x? 4+ 3x+C i nosaltres en busquem una tal
que f(2)=3. Per tant 2-2? 4 3-2+C= 8+6+C= 14+C=3— c=-11 i la funcié
sera f(x)=2x? + 3x-11.

Exercici 2. D’entre totes les funcions tals que F(x) tals que F’(x)= troba la

_X2X+1
que F(0)=5.

e F(x)=/ &5 dx=In(x* + 1)+C— In1+C=5— C=5 i per tant F(x)=In(x* +
1)4+5.

Exercici 3. Resol les segiients integrals [(x* + 3 + %}—() dx, [(x342x? + 4x+1)
dx.

3 f(x?’—f—x—?’z—l—glﬁ) dx= f(x3+3-x’2+2-x%)dx——+3_—1+2x3+C—Xz—

o [(xP+2x +Ax+1) dx=% + 2.5 + 4.5 Hnx+C=% + 2.5 + 2. +nx+C.

Exercici 4. Resol les segiients integrals [ M dx, [V3x*+5 - xdx, [ %/%.

1 (2nx+3)° LC.

o [ I dxm g R ) O
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o [V3TTE - x=1[(3x2 +5)F2x dx= LGN | OG0 6

2

2 2
¢ f {7’/% = %f (3X+5) -3 dX_l 3x+5 3+C (3x+5 3+C.

sinx
dExercml 5. Resol les segiients integrals [ Warcgmx dx, [ =555 dx, [ 2kt
X.

o/ m dx= In(arcsinx)+C.

o [ = 2+2 dx=8 - 7}1;*12 dx=2-In(7x* 4 2)+C.

o [ 2L dx=In(cosx+3)+C.
. . . 2 el
Exercici 6. Resol les segiients integrals [e* t3.x dx, [+ dx, [e**7? dx.

° fex2+3-x dxzé fex2+3~2x dx:%-ex2+3+C.
o/

o [ dx=%-[5-¢"""? dx=1-¢""34C.

@
|

dx=[ <% dx=-ct+C.

<2

| “lH

4
¥

Exercici 7. Resol les segiients integrals [4%°+3.x dx, [ 85~ 3dx.

° f4$2+3~x dx= %f 47°+3.9x dX:412+3 +C.

2:In4

° f R5r—3x— __ gbx— 3+C.

5-1n8

Exercici 8. Resol les segiients integrals [ sinx®-x dx, [ 22 dx, [ sin(cosx)-sinx
dx.

o [ sinx®x dxz%-f sinx?-2x dxz—%-cost—l—C.
o [ @dx:—cos(lnx)—k(].

e [ sin(cosx)-sinx dx=-cos(cosx)+C.
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Exercici 9. Resol les segiients integrals [ cos(e®™)-¢™ dx, [cos(8x-9) dx, [
cos(sinx)-cosx dx.

o [ cos(e?)-e** dx=='-sine™+C.

3

o [cos(8x-9) dx=4%-sin(8x-9)+C.

e [ cos(sinx)-cosx dx=cos(sinx)+C.

1

Exercici 10. Resol les segiients integrals [ Z—dx, f T=dx

* ke L[ gy L2 [ gL aesin( Lo
o [ Asdx= 5 fmdx—f 2 [ Eway dx=3-arcsin(Zx*)+C.

o [ \/% -dx.=arcsin(Inx)+C.

ﬁ
0
M
)

—

Exercici 11. Resol les segiients integrals [ ¢2—-dx, [ {25-dx

1
o [t e [T s [T Larctag( T

o [ -dx=4-arctagx®+C,

Exercicis per resoldre

1. Calcula les segiients integrals:

Xl
Hx-9

o [(x*+8x—9)dx
o [(4x®+ 8% 2x+4) dx
o [(2+4x-2)
o f(7f+3x +2x3 — 7¥/x) dx
o [(2x¢° ) dx
of(j—s—%— Vx4) dx

J(

J(
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J(3x*-9)%x dx
[ (sinx-4)®-cosx dx

[(Inx-1)* -+dx

[ 4/ (9x-4)° dx
[ V5e"-4 - e*dx
dx

X2+2
sinx

4+3 cosx

sinx+cosx d
—— — X
f sinx-cosx

J iz dx

[e3=9 dx

[er+9x dx

f e dx

[sin(2x-4

fsm(S ) x dx
(

ZL_

dx

) e” dx

[sin(e*-
° f os(;nx dx

Ik —COS\(/—*X/;) dx
¢ f cos x2 dx
f \/;(COSZ(\/)_()

fﬁdx

dx

1
f z-\/l—(lnx)2 dx
8
il 5+3:r2 dx
6+7:1:4 dx

f 5+3:52 dx
dx

J <1+x1>~f

f x2+5 dx
f x+1 dx

x2_—

pdfMachine - is a pdf writer that produces quality PDF files with ease!
Get yours now!
“Thank you very much! I can use Acrobat Distiller or the Acrobat PDFWriter but | consider your
product a lot easier to use and much preferable to Adobe's" A.Sarras- USA



http://www.pdfmachine.com?cl

1625 dx
f V1-5x dx
J(3x+-5) dx
o [l

i Vo-x2x dx
[ dx

f \/L—Q dx

6x+3

J $~(1111X)5 dx

arcsinx)?
J % dx

f _COSX_
Vsinx
f \/1—)(2-(arcosx)2

COSX

dx

2+42sinx
o [(x+tagx) dx
o [ gy

fe"—l—eX T+ e% — 22.e° dx
[ (sin3x+-cosbx) dx

dx
i f cos26zx

° f6"2+8x-(x—|—4) dx
° g—z dx

o | x? sinx® dx

sink
° f - dx

2

T

o fsinﬁ\—/&—fos\/i dx

f sin(ln x) dX

fmx
fx+1dX

r2+1
12x43
12x2+3

f 14cosx+sin?x+sin®x dX

SlIl2 €T
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f sin?z dx
[cos?z dx

f \/1—25)(2 dX

f\/%dx

f 1/1e_ze2:c dX

2
i i dx
/5% dx

° f In(x+1) dx

x+1
[ 5 dx
[sin(x® +1)-x dx
f\/x3 + 1-x% dx

2. Troba una funcié que verifiqui f’(x)=5x-3 i tal que f(4)=2.

3. Troba un funcié tal que la seva derivada sigui x>+5x-2 i que en el punt 3

valgui 5.
4. Troba una funcié tal que f'(x)=3% i que f(2)=4.
5. Troba una funcié tal que f’(x)=515 i que f(0)=8.
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